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Classical periodic homogenisation

Maxwell, Rayleigh, Einstein, Bakhvalov, Panasenko, Bensoussan, Lions, Papanicolaou,
Marchenko, Khruslov, Zhikov, Kozlov, Oleinik, Shamaev, Yosifian, Sanchez-Palencia
Operators with periodic coefficients

Ae :=—-V.-a(z/e)V, €—0
a(y) is Q-periodic, ¢ -a(y)é > ClE[2, C >0

Acue = f

Asymptotics of the solution
ue(z) = uo(z) + eur(z,z/e) + ...

Oug(x
wiay) = 220 )
Ty
where Ny, is periodic and solve the cell problem
17} o
Vy - a(y)(ex + VyN(y)) = 7—aij(y) (85 + 5 —Ni(y)) =0
Oy; Oy;
Homogenised operator

Anomuo = =V - ™ Vug = f

0
it = [ i) G+ 5~ Nu)) dy
Q Yj
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Classical periodic homogenisation

Operators with periodic coefficients

A :=—-V-.a(z/e)V, e—0

-Asus = f

Asymptotics of the solution
ue (z) = uo(z) + eur(z,z/e) + ...

Oug(x)

w(@,y) = 2N ()
T
where Ny, is periodic and solve the cell problem
0 19}
Vy - a(y)Vy(er + Ni(y) = 5—aij(y) (51 + 5 Ni(y)) =0
9y; Oy

Homogenised operator

-Ahomuo =-V- ahomvuO = f

7]
af™ = / aij (y) (51 + ?Nk(y)) dy
Q Yi

Equivalently,

¢ ahomg —

it [ (€4 V) a)E+ Tiv)dy
Q

1
YEH].(Q)
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Stochastic homogenisation

Probability framework
Let (Q, F, P) be a complete probability space.

Definition
A family (T%)zern of measurable bijective mappings T, : 2 — € on a probability
space (€2, F, P) is called a dynamical system on 2 with respect to P if:
Q T:0Ty=Tryy Vr,y € R";
@ P(IpF)=P(F) Vx e R*, F € F;
Q@7 :R"xQ—Q, (r,w) = Ty(w) is measurable (for the standard o-algebra on
the product space, where on R" we take the Lebesgue o-algebra).

| \

Definition
A dynamical system is called ergodic if one of the following equivalent conditions is
fulfilled:

© f measurable,
f(w) = f(Tew) Vz € R", ae. w € Q = f(w) is constant P-a.e. w € Q.

@ P((T.BUB)\(T:BNB)) =0Vz € R* = P(B) € {0,1}.
@ IB=B V€ R" — P(B) € {0,1}
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Stochastic homogenisation

Operators with stochastic coefficients
Let a € L®(Q), £ - a(w)é > C|¢|?, C > 0.
We write a(y,w) := a(Tyw), defining the realisation of random coefficients.

Ac i =—V.a(z/e,w)V, €—0

Acue = f
Probabilistic gradient

) — i =) T ) 2
Dif(w) = Jim, - . Fer®),
D; is the infinitesimal generator of the unitary group Uy,
Vo= (D1,...,Dn)T,  TuVf(w)=Vf(z,w) =V (Tef(w))
The “cell” problem
Vo - a(w)(ek —+ VWNk(w)) = Diaij(w)(éjk + Dij(w)) =0

Homogenised operator

Anomuo = =V - ahomvuO =f

€. ahomg _ nf / (4 Vu) - a(w)(€ + Vi) dP
Q

= i
HpeH ()
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High-contrast periodic homogenisation

Operators with high-contrast periodic coefficients

A: . =—V-a(z,e)V

€2, x € 5§
a1, x€S5%

Asymptotics of the solution

ue () = u(z,x/e) +eur(z,x/e) + ...

u(z,y) = uo(x)+v(z,y) € H'(R™)+L*(R"; Hy(Qo))

Homogenised operator is two-scale

-Ahomu(x7 y) = f(xv y)

{ —V - alo"Vug(z) = (f(z,9))y, =€R®,
_AyU:f($,y), yeQO-

£ alome = €+ Vyh) a1 (y)(E + Vyo) dy

inf /
YeEHL,, (Q1)JQ,
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High-contrast periodic homogenisation

Band-gap spectrum in high-contrast periodic homogenisation

—V - aomVug = X (ug + (v)),
—Ayv=A(up + v).

v(z,y) = Auo(z)b(y)
—Ayb=14+Xb
Decoupling:

—V - a"Vug = B(Nuo

B(A) —)\+>\2Z

(‘PJ

1 v —
o(Anom) = {A: B(A) > 0} U{v,v5,...}

The spectrum of A, has gaps for sufficiently small & (Zhikov (2000, 2004)).
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Stochastic high-contrast homogenisation

Operators with stochastic high-contrast coefficients
A ===V - a(z,e,w)V

[ €2 x € S§(w)
a(z, &, w) '_{ a1, =€ S5(w)

S§(w) is a set of randomly distributed inclusions (balls, for example).
Let w € Q, A <0, f& € L%(S), u® € H(S)

—V-a(z,e,w)Vu® — u® = f5, z€S.

Let f¢ 2 f € L%(S x Q). Then for a.e. w € Q one has
uf 2 u(w,w) = uo(x) + w1 (z,w), where ug € HE(S), ur € L2(S, HL(0)) satisfy

-V- akfomVuo = )\(uo + <u1>Q) = <f>Q7 z €S,

— Ayur(z,w) — A(uo(z) + ui(z,w)) = flz,w), weO.

Cafme= / (€ + Vo) - a1 (€ + Vauth) dP
Q0
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Stochastic high-contrast homogenisation

—V - a!"Vug(z) — A(uo(z) + (u1)a) = (fa,
Apui(z,w) — AMug(z) + ui(z,w)) = f(z,w).
Decoupling (S§ consists of identical inclusions):

u1(z,w) = Aug(z)v(w)

—Apv = v+ 1.

—div ™ Vug = B(M)ug
where

B = A1+ M) >\+)\2Z _ {@: @o=1})

=1 Vi

is a stochastic version of the “Zhikov's -function”.

o(Anom) = {N: B(N) >0} U {vy,v4,...}  (if S =R")
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Stochastic high-contrast homogenisation

—V - Vug(z) — A(uo (@) + (u1)a) = (fa,
Ay (z,w) — A(uo(2) + u1(z,w)) = f(z,w).
Decoupling (S§ consists of scaled inclusions of the same geometrical shape, Y. :=rY,
r € [ri,r2]):
ui (@, w) = Muo(2)v(w)

—Auv = v+ 1.

[e'e] Lo \2
B = A1+ AMw)a) = A + A2 LPizoly. dP (D).
1 l/j750 -

{@o€lr1,r2]} 7

o (Anom) = {A: B(A) 20} U{v1,rv2p,.. .} U {Vi,rv Vé,'rv - (if S=R")
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Thank you!
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