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Classical periodic homogenisation

Maxwell, Rayleigh, Einstein, Bakhvalov, Panasenko, Bensoussan, Lions, Papanicolaou,
Marchenko, Khruslov, Zhikov, Kozlov, Oleinik, Shamaev, Yosifian, Sanchez-Palencia
Operators with periodic coe�cients

A" := �r · a (x/")r, "! 0

a(y) is Q-periodic, ⇠ · a(y)⇠ � C|⇠|2, C > 0

A"u" = f

Asymptotics of the solution

u"(x) ⇡ u
0

(x) + "u
1

(x, x/") + . . .

u
1

(x, y) =
@u

0

(x)

@xk
Nk(y)

where Nk is periodic and solve the cell problem

ry · a(y)(ek +ryNk(y)) =
@

@yi
aij(y)

�
�jk +

@

@yj
Nk(y)

�
= 0

Homogenised operator

A
hom

u
0

= �r · ahomru
0

= f

ahomik =

Z

Q
aij(y)

�
�jk +

@

@yj
Nk(y)

�
dy
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Equivalently,

⇠ · ahom⇠ = inf

 2H1
per(Q)

Z

Q
(⇠ +ry ) · a(y)(⇠ +ry ) dy
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Stochastic homogenisation

Probability framework
Let (⌦,F , P ) be a complete probability space.

Definition

A family (Tx)x2Rn of measurable bijective mappings Tx : ⌦ ! ⌦ on a probability
space (⌦,F , P ) is called a dynamical system on ⌦ with respect to P if:

1 Tx � Ty = Tx+y 8x, y 2 Rn;

2 P (TxF ) = P (F ) 8x 2 Rn, F 2 F ;

3 T : Rn ⇥ ⌦ ! ⌦, (x,!) ! Tx(!) is measurable (for the standard �-algebra on
the product space, where on Rn we take the Lebesgue �-algebra).

Definition

A dynamical system is called ergodic if one of the following equivalent conditions is
fulfilled:

1 f measurable,
f(!) = f(Tx!) 8x 2 Rn, a.e. ! 2 ⌦ =) f(!) is constant P -a.e. ! 2 ⌦.

2 P
�
(TxB [B)\(TxB \B)

�
= 0 8x 2 Rn

=) P (B) 2 {0, 1}.
3 TxB = B 8x 2 Rn

=) P (B) 2 {0, 1}
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Stochastic homogenisation

Operators with stochastic coe�cients
Let a 2 L1

(⌦), ⇠ · a(!)⇠ � C|⇠|2, C > 0.
We write a(y,!) := a(Ty!), defining the realisation of random coe�cients.

A" := �r · a (x/",!)r, "! 0

A"u" = f

Probabilistic gradient

Dif(!) := lim

xi!0

f(Txi!)� f(!)

xi
, f 2 L2

(⌦),

Di is the infinitesimal generator of the unitary group Uxi

r! := (D
1

, . . . , Dn)
T, Txr!f(!) = rf(x,!) = r(Txf(!))

The “cell” problem

r! · a(!)(ek +r!Nk(!)) = Diaij(!)
�
�jk +DjNk(!)

�
= 0

Homogenised operator

A
hom

u
0

= �r · ahomru
0

= f

⇠ · ahom⇠ = inf

 2H1
(⌦)

Z

⌦

(⇠ +r! ) · a(!)(⇠ +r! ) dP
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High-contrast periodic homogenisation

Operators with high-contrast periodic coe�cients

A" :=�r · a (x, ")r

a(x, ") :=

⇢
"2, x 2 S"

0

a
1

, x 2 S"
1

Asymptotics of the solution

u"(x) ⇡ u(x, x/") + "u
1

(x, x/") + . . .

u(x, y) = u
0

(x)+v(x, y) 2 H1

(Rn
)+L2

(Rn
;H1

0

(Q
0

))

Homogenised operator is two-scale

A
hom

u(x, y) = f(x, y)

(
�r · ahom

1

ru
0

(x) = hf(x, y)iy , x 2 Rn,

��yv = f(x, y), y 2 Q
0

.

⇠ · ahom
1

⇠ = inf

 2H1
per(Q1)

Z

Q1

(⇠ +ry ) · a
1

(y)(⇠ +ry ) dy
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High-contrast periodic homogenisation

Band-gap spectrum in high-contrast periodic homogenisation

�r · ahom
1

ru
0

= � (u
0

+ hvi) ,
��yv = � (u

0

+ v) .

v(x, y) = �u
0

(x)b(y)

��yb = 1 + �b

Decoupling:

�r · ahom
1

ru
0

= �(�)u
0

�(�) := � + �2
1X

j=1

h'ji2
⌫j � �

.

�(A
hom

) = {� : �(�) � 0} [ {⌫0
1

, ⌫0
2

, . . .}

The spectrum of A" has gaps for su�ciently small " (Zhikov (2000, 2004)).
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Zhikov’s �-function

M. Cherdantsev, Cardi↵ University Stochastic high-contrast homogenisation



Stochastic high-contrast homogenisation

Operators with stochastic high-contrast coe�cients

A" :=�r · a (x, ",!)r

a(x, ",!) :=

⇢
"2, x 2 S"

0

(!)
a
1

, x 2 S"
1

(!)

S"
0

(!) is a set of randomly distributed inclusions (balls, for example).
Let ! 2 ⌦, � < 0, f" 2 L2

(S), u" 2 H1

0

(S)

�r · a(x, ",!)ru" � �u" = f", x 2 S.

Theorem

Let f"
2�* f 2 L2

(S ⇥ ⌦). Then for a.e. ! 2 ⌦ one has

u"
2�* u(x,!) = u

0

(x) + u
1

(x,!), where u
0

2 H1

0

(S), u
1

2 L2

(S,H1

0

(O)) satisfy

�r · ahom
1

ru
0

� �
�
u
0

+ hu
1

i
⌦

�
= hfi

⌦

, x 2 S,

��!u
1

(x,!)� �
�
u
0

(x) + u
1

(x,!)
�
= f(x,!), ! 2 O.

⇠ · ahom
1

⇠ = inf

 2H1
(⌦\O)

Z

⌦\O
(⇠ +r! ) · a

1

(⇠ +r! ) dP

M. Cherdantsev, Cardi↵ University Stochastic high-contrast homogenisation



Stochastic high-contrast homogenisation

�r · ahom
1

ru
0

(x)� �
�
u
0

(x) + hu
1

i
⌦

�
= hfi

⌦

,

�!u
1

(x,!)� �
�
u
0

(x) + u
1

(x,!)
�
= f(x,!).

Decoupling (S"
0

consists of identical inclusions):

u
1

(x,!) = �u
0

(x)v(!)

��!v = �v + 1.

�div ahom
1

ru
0

= �(�)u
0

where

�(�) := �
�
1 + �hvi

⌦

�
= �+ �2

1X

j=1

h'ji2y
⌫j � �

P
�{e! : e!

0

= 1}�

is a stochastic version of the “Zhikov’s �-function”.

�(A
hom

) = {� : �(�) � 0} [ {⌫0
1

, ⌫0
2

, . . .} (if S = Rn
)
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Zhikov’s �-function
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Stochastic high-contrast homogenisation

�r · ahom
1

ru
0

(x)� �
�
u
0

(x) + hu
1

i
⌦

�
= hfi

⌦

,

�!u
1

(x,!)� �
�
u
0

(x) + u
1

(x,!)
�
= f(x,!).

Decoupling (S"
0

consists of scaled inclusions of the same geometrical shape, Yr := rY ,
r 2 [r

1

, r
2

]):

u
1

(x,!) = �u
0

(x)v(!)

��!v = �v + 1.

�(�) := �
�
1 + �hvi

⌦

�
= � + �2

Z

{e!02[r1,r2]}

1X

j=1

h'j,e!0
i2y

⌫j,e!0
� �

dP (e!).

�(A
hom

) = {� : �(�) � 0} [ {⌫
1,r, ⌫2,r, . . .} [ {⌫0

1,r, ⌫
0
2,r, . . .} (if S = Rn

)
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Zhikov’s �-function
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Thank you!
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